Eggenﬂa' Quegﬁon How can a tree diagram help you visualize the

number of ways in which two or more events can occur?

Reading a Tree Diagram

Work with a partner. Two coins are flipped and the spinner
is spun. The tree diagram shows the possible outcomes.

Coin is flipped.

1/l\3 1/l\3 1/l\3

a. How many outcomes are possible?

T Coin is flipped.

1 2 3 Spinnerisspun.

b. List the possible outcomes.

'EXPLORATION 2 Reading a Tree Diagram

Work with a partner. Consider the tree diagram below.

A B

1/L\ 3 1/L\ 3
x/\v x/\v x/\v x/\v x/\v x/\v
AN AN AN AN AN AN AN A AV AN ANAN

ABABABABABABABABABABABAEB

CONSTRUCTING a. How many events are shown? b. What outcomes are possible for each event?
VIABLE ARGUMENTS

To be proficient in math,
you need to make
conjectures and build a
logical progression of

statements to explore the
truth of your conjectures. {> a. Consider the following general problem: Event 1 can occur in m ways and event 2

¢. How many outcomes are possible? d. List the possible outcomes.

'EXPLORATION 3 Writing a Conjecture

Work with a partner.

can occur in n ways. Write a conjecture about the number of ways the two events
can occur. Explain your reasoning.

b. Use the conjecture you wrote in part (a) to write a conjecture about the number of
ways more than two events can occur. Explain your reasoning.

c. Use the results of Explorations 1(a) and 2(c) to verify your conjectures.

Communicate Your Answer

4. How can a tree diagram help you visualize the number of ways in which two
or more events can occur?

5. In Exploration 1, the spinner is spun a second time. How many outcomes
are possible?
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What You Will Learn

P Use the formula for the number of permutations.

P Use the formula for the number of combinations.

Core Vocabulary P Use combinations and the Binomial Theorem to expand binomials.
permutation, p. 570
n factorial, p. 570 Permutations

combination, p. 572

Binomial Theorem, p. 574 A permutation is an arrangement of objects in which order is important. For instance,

the 6 possible permutations of the letters A, B, and C are shown.

ABC ACB BAC BCA CAB CBA

Previous
Fundamental Counting
Principle

L Pascal’s Triangle SV EEEN Counting Permutations

Consider the number of permutations of the letters in the word JULY. In how many
ways can you arrange (a) all of the letters and (b) 2 of the letters?

SOLUTION
- {> a. Use the Fundamental Counting Principle to find the number of permutations of the
REMEMBER letters in the word JULY.
Fundamental Counting Number of  _ (Choices for)(Choices for)(Choices for )(Choices for)
Principle: If one event permutations Ist letter 2nd letter /\3rd letter 4th letter
can occur in m ways and —4.e3.2.]
another event can occur in
n ways, then the number =24
of ways that both events .
can occur is m « n. The P> There are 24 ways you can arrange all of the letters in the word JULY.
Fundamental Counting b . i ¢ d b :ces for the first 1
Principle can be extended b. When arranging 2 letters of the word JULY, you have 4 choices for the first letter
and 3 choices for the second letter.

‘—to three or more events.

Number of  _ (Choices for)(Choices for)
permutations 1st letter 2nd letter

=4.3
=12

P> There are 12 ways you can arrange 2 of the letters in the word JULY.

. o W
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1. In how many ways can you arrange the letters in the word HOUSE?

2. In how many ways can you arrange 3 of the letters in the word MARCH?

In Example 1(a), you evaluated the expression 4 « 3 « 2 « 1. This expression can be
written as 4! and is read “4 factorial” For any positive integer 7, the product of the
integers from 1 to n is called n factorial and is written as

nl=nemn—1)e(n—2)e---e3e21.
As a special case, the value of 0! is defined to be 1.

In Example 1(b), you found the permutations of 4 objects taken 2 at a time. You can
find the number of permutations using the formulas on the next page.
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C) Core Concept

Permutations
Formulas Examples
The number of permutations of The number of permutations of
n objects is given by 4 objects is
WP, =nl JPr=41=432+1=24,
The number of permutations of The number of permutations of
n objects taken r at a time, where 4 objects taken 2 at a time is
r < n, is given by ! 3
Py = 4! _ 4 32’.':12‘
p o G- 2
T m=rl
L ( )

F ARSI  Using a Permutations Formula

Ten horses are running in a race. In how many different ways can the horses finish
first, second, and third? (Assume there are no ties.)
SOLUTION
To find the number of permutations of 3 horses chosen from 10, find |,P5.
!
0P = ﬁ Permutations formula
_ 10!
= Subtract.
{> = W Expand factorial. Divide out common factor, 7!.
STUDY TIP 0 ' -
When you divide B mpity-
out common factors, } There are 720 ways for the horses to finish first, second, and third.

remember that 7! is a

factor of 10!. Lo . . .
FEANINZEN  Finding a Probability Using Permutations

For a town parade, you will ride on a float with your soccer team. There are 12 floats
in the parade, and their order is chosen at random. Find the probability that your float
is first and the float with the school chorus is second.

SOLUTION

Step 1 Write the number of possible outcomes as the number of permutations of the
12 floats in the parade. This is |,P, = 121

Step 2 Write the number of favorable outcomes as the number of permutations of the
other floats, given that the soccer team is first and the chorus is second. This

Step 3  Find the probability.

| .
P(soccer team is 1st, chorus is 2nd) = 10t Form a .ratlo of favorable
12! to possible outcomes.
_ 101 Expand factorial. Divide
12«11« 107 out common factor, 10!,
- Simplify.
132
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3. WHAT IF? In Example 2, suppose there are 8 horses in the race. In how many
different ways can the horses finish first, second, and third? (Assume there are
no ties.)

4. WHAT IF? In Example 3, suppose there are 14 floats in the parade. Find the
probability that the soccer team is first and the chorus is second.

Combinations

A combination is a selection of objects in which order is not important. For instance,
in a drawing for 3 identical prizes, you would use combinations, because the order

of the winners would not matter. If the prizes were different, then you would use
permutations, because the order would matter.

EXAMPLE 4 Counting Combinations

Count the possible combinations of 2 letters chosen from the list A, B, C, D.

SOLUTION

List all of the permutations of 2 letters from the list A, B, C, D. Because order is not
important in a combination, cross out any duplicate pairs.

AB AC AD BA BC BP’> BD and DB are
cK CB cD DA DB D the same pair.
P> There are 6 possible combinations of 2 letters from the list A, B, C, D.

. o W
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5. Count the possible combinations of 3 letters chosen from the list A, B, C, D, E.

In Example 4, you found the number of combinations of objects by making
an organized list. You can also find the number of combinations using the
following formula.

C) Core Concept

Combinations
Formula The number of combinations of n objects taken r at a time,
where r < n, is given by
- n!
n—r!er

nCr

Example The number of combinations of 4 objects taken 2 at a time is

4 4.3.21
4—2)-20 21.2-1

4G
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EXAMPLE 5 Using the Combinations Formula

You order a sandwich at a restaurant. You can choose 2 side dishes from a list of 8.
How many combinations of side dishes are possible?

SOLUTION

The order in which you choose the side dishes is not important. So, to find the number
of combinations of 8 side dishes taken 2 at a time, find 3C,.

!
Gy = m Combinations formula
!
= % Subtract.
= ;% Expand factorials. Divide out common factor, 6!.
=28 Multiply.

P> There are 28 different combinations of side dishes you can order.

AN N  Finding a Probability Using Combinations

A yearbook editor has selected 14 photos, including one of you and one of your friend,
to use in a collage for the yearbook. The photos are placed at random. There is room
for 2 photos at the top of the page. What is the probability that your photo and your
friend’s photo are the 2 placed at the top of the page?

SOLUTION

Step 1 Write the number of possible outcomes as the number of combinations of
14 photos taken 2 at a time, or ,C,, because the order in which the photos
are chosen is not important.

|
14C2 = ﬁ Combinations fOfmUla
14
=221 Subtract.
14 ¢ 13 « 127 . -
=— Expand factorials. Divide out common factor, 12!.
1272+ 1) P
=91 Multiply.

Step 2 Find the number of favorable outcomes. Only one of the possible
combinations includes your photo and your friend’s photo.

Step 3  Find the probability.

P(your photo and your friend’s photos are chosen) = %

Monitoring Progregs ‘)\7} Help in English and Spanish at BigldeasMath.com

6. WHAT IF? In Example 5, suppose you can choose 3 side dishes out of the list of
8 side dishes. How many combinations are possible?

7. WHAT IF? In Example 6, suppose there are 20 photos in the collage. Find the
probability that your photo and your friend’s photo are the 2 placed at the top
of the page.
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